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Abstract 

Given an A-dimensional vector space V over a field F and a trace¬ 
valued (a, e)-sesquilinear form f : V x V —>■ F, with e = ±1 and = idr, 
let S be the polar space of totally /-isotropic subspaces of V and let n be 
the rank of S. Assuming n > 2, let 2 < A: < n, let Qk the fc-grassmannian 
of PG(y), embedded in PG(A*^y) as a projective variety and Sk the k- 
grassmannian of S. In this paper we find one simple equation that, jointly 
with the equations of Ok, describe Sk as a subset of PG(A*’P). 


1 Introduction 

Throughout this paper F is a commutative field, TV is a positive integer, V := 
V {N, F) and / :PxP—^-Fisa trace-valued {a, £:)-sesquiliner form on V, with 
e = ±1 and = idp. Let S be the polar space of totally /-isotropic subspaces 
of V (Tits [3], Buekenhout and Cohen m) and let n be the rank of S, namely 
the Witt index of /. 

Assuming n>2, let2<fc<n. We denote hy Qk the fc-grassmannian 
of PG(P), embedded in PG(A*P) as a projective variety, and by St the k- 
grassmannian of S, regarded as a subset of Gk, whence a subset of PG(A^P). In 
this paper we address the problem of finding equations that, jointly with those 
of Gk, describe Sk- 

A partial answer to this problem is given in Cardinali and Pasini [2], where 
the case fc = 2 is solved. Explicitly, let M/ be the representative matrix of /. 
Remarking that A^P can be regarded as the space of alternating NxN matrices 
over F, the following is proved in 

Theorem 1.1 The following matrix equation, jointly with the equations of G 2 , 
characherizes 82 '- 

MjX'^MfX = 0 (1) 

where O is the NxN null matrix and X ranges over the set of alternating 
NxN matrices. 

When / is non-degenerate equation o can be simplified as follows: 

X'^MfX = O. (2) 


1 


In this paper we shall generalize the above result. Note firstly that, for 2 < k < 
n, the vectors of A^V can be regarded as alternating tensors of degree k: 






{y^: 


■ 


where if \{ii, = k then = sign(p) • Xp(ii),...,p( 4 ) ^ permuta¬ 
tion p of with p{ii) < p{i 2 } < ... < p{ik) and = 0 when 

|{zi,..., ik}\ < k. Needless to say, (ei,..., cat) is a given basis of V and the vec¬ 
tors Cij A ... A (for ii < ... < ik) form the basis of A^V naturally associated 
to it. 

The main result of this paper is a tensor equation which includes (HD as a 
special case and, combined with the equations of Qk , characterizes Sk ■ In order 
to write our equation, we must recall a few facts from old fashion tensor calculus 
and fix some notation, suited to our needs. 


1.1 Preliminaries from tensor calculus 


All tensors to be considereed in the sequel belong to for some r, by as¬ 
sumption. In particular, all matrices are N x N matrices. If X G ^'^V, the 
integer r is called the degree of X. Given two tensors X and Y of degree r and 
s respectively 

let p < min(r, s). We put 

^ ■— (^il,...,ir-pjp+l,...,is)ii,...,ir-p,tp+l,...,ts = l 

where 






r —Tj 1 


..hpVhi 


'T'P,Jp+1t--,33 ■ 


p 

The tensor X oY has degree r -|- s — 2p. It is called the p-product of X and Y. 
We also write X oY for X o F, for short. Thus, 

i 

When X and Y are N x N matrices (tensors of degree 2) then X o F is just 
their usual row-times-column product. If X and F are vectors (tensors of degree 
I) then X o F is their so-called scalar product, namely their row-times-column 
product with X regarded as a I x X matrix and F as an X x 1 matrix. 

Turning back to the general case, the following associative law holds, pro¬ 
vided that all products involved in it are defined: 

(X o F) o F = X o (X o Z). (3) 
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P Q 

Thus, we are allowed to write X oY o Z, omitting parentheses. Moreover, if I 
is the identity matrix then the following also holds for any tensor X : 

loX = Xol = X. (4) 


With X and Y as above, the tensor product of X and Y is the tensor X 0 T of 
degree r + s defined as follows: 

X (E>Y := 

In view of our purposes, we need a slight modification of this definition. Assume 
that r and s are even, say r = 2u and s = 2v. Then we define 


XqY 


{Zri,... 


,31 


,3v,i-u + l,---,ir,jv+l,---,3. 


iN 


where 


We call X QY the pseudo-tensor product of X and Y. Note that A1 © F is the 
same as AT © F but for a permutation of the indices. 

If X is a tensor of even degree (in particular, a matrix), we also define 
pseudo-tensor powers as follows: 

:= a:, Q^+^X ■= {Q^X)QX. 

It is worth to recall a few properties of products and powers introduced so far. 
Their proofs are straightforward. We leave them to the reader. 


Proposition 1.2 Let A and B he matrices. Then both the following hold: 

(0M)0(0^A) = ©"+*A, (©"S) S (©M) = Q’^AB, (5) 

where r and s are positive integers and AB (= A o B) is the usual row-times- 
column product of matrices. 


Proposition 1.3 Let A be a matrix, t a positive integer and X a tensor of 
degree t. Let L be the identity matrix. Then all the following hold: 

(Q^tL) o X = X o (Q^I) = X for any positive integer s <t, (6) 

xI{Q*A) = (©*A^)oX = (0*-^^)‘o^ AToA. (7) 

Corollary 1.4 With A, X and t as in Provosition 11.31 assume that A is non¬ 
singular. Then the following holds for any tensor Y: 

X o{Q*A)oY = 0 ^ XoAoY = 0 (8) 

where O stands for the null tensor of degree t -\- s — 2, s being the degree of Y. 
We mention one more property, to be exploited in the proof of Lemma 12.21 


Proposition 1.5 The following holds for any two tensors X and Y and any 
two vectors x and y: 

(AT © a;) o (y © F) = (a; o y) ■ (AT © F). (9) 

We leave the proof to the reader. We only warn that a; o y is a scalar. 
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1.2 Main result 

We are now ready to state our main theorem. We shall prove it in Section 2. 

Theorem 1.6 Let Mj be the representative matrix of f and 2 < k < n = 
rank(5). Then the following tensor equation, jointly with the equations of Gk, 
characherizes Sk'- 

X^l{Q^Mf)oX = O (10) 

where O is the null tensor of degree 2k —2, the unknown X = 

ranges in the set of alternating tensors of degree k and X°' := . 

By ([7]) of Proposition 11.31 and the equality Mj = eMJ, equation ITOl) can 
be given the following form, which includes © as a special case: 

X'^ oMfoX = 0. (11) 

By® and implication ([5]) of Corollarv ll.ll we immediately obtain the following: 

Corollary 1.7 When f is non-degenerate then Sk is charaeterized by the fol¬ 
lowing tensor equation (eombined with the equations ofQk): 

X'^ oMfoX = 0. (12) 

Note. We have assumed fc > 2 in Theorem 11.61 but m trivially holds when 
fc = 1 too, provided that we put := 1, 1 o X'^ = X^ and take the phrase 

“alternating tensor of degree 1” as an oddish synonym of “vector”. 

2 Proof of Theorem 11.6 

Let V* be the dual of V. We regard C as a right vector space. Accordingly, 
V* is a left vector space. We recall that the vectors of V* are linear functionals 

Given a basis E = (ei)A ^ of V let E* = (e*)A ^ be the basis of V* dual to 
E. Thus, e*(ei) = Sij (Kronecker symbol) for i,j = 1,2,..., N. We take the 
(^)-tuples 

S E (^ii S ... A 

= (e*^ A...Ae*Ji<,,<...<,,<jv 

as bases of A^V and A^V* respectively. Given fc independent vectors Xi, ...,Xk 
of V, for r = 1, 2,..., fc let xi^r, ■■■,XN,r be the coordinates of Xr with respect to 
E. Then 

A a;2 A ... A Xfc = ^ A A ... A 

il<i2< .<ik 
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where = det(a;i^_i)^We denote by Xe the alternating tensor corre¬ 

sponding to xi A ... Acc/c, the subscript E being a reminder of the basis E chosen 
in V . Explictly, 

Xe = (yip(i),....ip(fc) I P : {1, 2,..., k) {1, 2,..., k}, ii < i2 < ... < 4) 

where = sign(p) ■ if p is a permutation and 2/ip(i),...,ip(fc) = 0 

if the mapping p is non-injective. 

Similarly, given an independent fc-tuple in V*, for s = l,2,...,k 

let ^s.i, be the coordinates of with respect to E. Then 

CiA?2A...A^fe = ^ • eji A A ...e*,^ 

jl<j2 <-<jk 

where The alternating tensor coresponding to the 

vector A ... A will be denoted by S^. 

Given another basis F = (/i,..., /jv) of V let F* = ..., f^) be the basis 

of V* dual of F. With xi, ...,Xk and as above, let Xp and Ep be the 

tensors representing a:i A ... A a;^ and A ... A with respect to the choice of 
F as the basis of V. 


Lemma 2.1 We have Ep o Xp = Ep o Xp, where o is the 1-produet defined 
in Section \r7i\ 


Proof. Let C be the matrix mapping E onto F. Then C ^ maps E* onto 

F*. Explicitly, if C = and C~^ = (c' ^)5=i, then fr = 

and f* = for r = 1, 2,..., iV. Consequently, the tensors Xp and Ep 

k 

representing xi A ... A Xk and A ... A are changed to Xp := o Xp 

and Ep := Ep o (©^C). Thus 


EpoXp = (Ee o (o'^o) o o Xp'j . (13) 

By repeated applications of 0 of Proposition II. 31 associativity and the second 
equation of (HI) of Proposition 11.21 we get 


(^Ep o (O'^O) o (©''C-i) o Xp'J = 


= (EpoCoC-^oXp) = 


= o C-^)) {EpoCo C-^ o Xp). 

However C'^ o C~'^ = = I and C o C~^ = CC~^ = I. Therefore 

{Ee o (o'^o) o (©'=C'-i) o Xb) = EpoXp (14) 

by (|6]) of Proposition [L3l The lemma now follows from (I13|) and (IT4)) . □ 


Henceforth we write X and ^ for short instead of Xb and ^p. 
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Lemma 2.2 We have {xi, ...,Xk) C njLiKer(^i) if and only if:ioX = O, where 
O stands for the null tensor of degree 2k — 2. 

Proof. Let and {^j,jjj^s=i be the matrices introduced at the be¬ 

ginning of Section 2, when describing xi A ... A Xk and A ... A Recall 
that 

k 

det(a;i^,j)^_j^i = ^ sign(cr) 

<TeSym(k) r=l 

Moreover, given a cyclic permutation 7 of {l,2,...,fc} every permutation of 
{1,2,..., A:} splits as the product of a power 7 “ of 7 and a permutation of 
7 “({ 1 , 2 ,..., fc — 1 }) as well as the product of a power of 7 and a permu¬ 
tation of 7 ’'({ 2 , 3 , ...,k}). Therefore 

k-l 

u—0 

k-l 

v—0 

It follows that 

k-l 

U—0 

k-l 

u—0 

where X(x.yu(i),..., a;.yu(fc_i)) is the tensor corresponding to a;.yu(i) A...Aa;.yu(fc_i) S 
A^“^R and X(x.y«( 2 ),..., x-,,D(fc)) corresponds to x^-«{ 2 ) A ... A x^vf^f^y Similarly, 

k-l 

U—0 

k-l 

U—0 

Therefore 

SoX = |y^(-l)^^~^^“S(7^u(i),...,^..y..(fc_i)) (8)7^u(fc) j o 

\«=o / 


o 


/k-l 




\u=0 
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By the above and Q of Proposition II.51 we immediately obtain the following: 

(15) 

(’^(^7’^ ( 1 ), 0 X (^XjU ^2) 5 ■•■5 ^7^(fc) )) ■ 

If {xi,...,Xk) C n(L]^Ker(^i) then = 0 for any choice of u,v = 

0,l,...,fc — 1. Therefore S o X = O by (fT51) . The ‘only if’ part of the lemma is 
proved. 

Turning to the ‘if’ part, let SoX = O. In view of Lemma l2.1l we may assume 
to have chosen the basis E in such a way that = Xi for i = l,2,...,fc. Thus, 

fe-i 

u—0 

We can now rewrite the hypothesis S o X = O as follows: 

(16) 

(“(^7“(l)’ ^7“(fc—1 )) ® ^(67“(2)i 6^“(/c))) • 

The tensors X(e 2 ,..., efe), X(e..y( 2 ),..., e.^(fe)),X(e..),fc-i( 2 ),e..yfc-i(fe)) are lin¬ 
early independent. Hence (ITCl) yields 


fc-i 

E(-l)("”i)(“^")^7-w(e7'‘(i))-2(C7“(i)>->e7“(fc-i)) = O (17) 

u—0 

for u = 0,l,...,fc — 1, where O now stands for the null tensor of degree k — 1. 
In order to prove that (ei,..., Ck) Q n^,^;^Ker(^i) we must show that ^j{ei) = 0 
for any choice of i,j = 1, 2,..., k. 

Suppose the contrary. Let ^fe(ei) ^ 0, to fix ideas. If we replace the /c-tuple 
(6,---,Cfc) with another /c-tuple such that = {Ci,---,Ck) 

then S is changed to S' = AS for a scalar A 0. So, we can assume to have 
chosen fi,..., ^k in such a way that ^fc(ei) = 1 and Cj (ei) = 0 for j < k. Namely, 
^ 70 (fe)(ei) = 1 and ^ 7 «<(fe)(ei) = 0 for u > 0. Therefore 


fc-i 

■ S(^^u(i), ...,^7«(fc-i)) = S(fi, ...,^fe_i). (18) 

0 

By (fT51) and (fT71) with u = 0 we obtain S(^i,...,^fe_i) = O. However this 
impossible. Indeed S(^i,..., ^k-i) ^ O since ^i,..., ^k-i are linearly independent. 
A contradiction has been reached. □ 


End of the proof of Theorem 11.61 Let Xi,...,Xk be independent vectors of 
V, with Xr = for T = l,2,...,/c. Put x° := J2f=lK,j^j € fo* aud 

let X and X'^ be the tensors corresponding to xi A ... A Xk and x^ A ... A x^ 
respectively. Moreover, let S be the tensor corresponding to x'^Mf A ...Ax'^Mf, 
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where Mf is the matrix representing / with respect to the basis of V. 

Then E = X'^o {Q'^Mf). 

We have x:^ = Ker(a;^M/) for r = 1, 2, k, where T is the orthogonality 
relation associated to /. Therefore {xi, ...,Xk) is totally isotropic if and only if 
{xi,...,Xk) Q njL^Ker(a;^Mj). By Lemma [121 this inclusion is equivalent to 

k 

the relation EoX = O, namely X'^ o {Q^Mf)) oX = O. The proof is complete. 

□ 
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